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Abstract
We present recent results from lattice QCD relevant for the study of strongly interacting matter as it is produced in heavy
ion collision experiments. The equation of state at non-vanishing density from a Taylor expansion up to 6th order will be
discussed for a strangeness neutral system and using the expansion coefficients of the series limits on the critical point
are estimated. Chemical freeze-out temperatures from the STAR and ALICE Collaborations will be compared to lines of
constant physics calculated from the Taylor expansion of QCD bulk thermodynamic quantities. We show that qualitative
features of the
√
sNN dependence of skewness and kurtosis ratios of net proton-number fluctuations measured by the
STAR Collaboration can be understood from QCD results for cumulants of conserved baryon-number fluctuations. As
an example for recent progress towards the determination of spectral and transport properties of the QGP from lattice
QCD, we will present constraints on the thermal photon rate determined from a spectral reconstruction of continuum
extrapolated lattice correlation functions in combination with input from most recent perturbative calculations.
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1. Introduction
The understanding of strongly interacting matter at high temperatures and densities is a major goal of
many theoretical studies as well as investigations using heavy ion collision experiments. There has been
considerable progress in both directions. The nature and location of the cross-over transition [1, 2, 3, 4]
and the equation of state for vanishing baryon density [5, 6] are known from continuum extrapolated lattice
QCD calculations and extending these studies into the region of the phase diagram at non-vanishing density
is constantly progressing (see [7, 8] for current overviews).
Although the hadron resonance gas (HRG) model is able to describe thermodynamic quantities at low tem-
peratures reasonably well, at least when additional yet unobserved resonances are taken into account [9, 10],
systematic deviations become large already at the lower end of the cross-over region as observed in higher
order net baryon-number cumulants [11]. This shows that a Skellam distribution is only valid at most up
to temperatures around 155 MeV consistent with recent measurements of second order cumulants of net
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Fig. 1. The µB-dependent part of the pressure (left) and baryon-number density (middle) for a strangeness neutral system with
nB/nQ = 0.4. Estimators for the radius of convergence of the Taylor series for net baryon-number fluctuations, χB2 (T, µB), (right).
Our estimates for µs = µq = 0 from Nτ = 8 from [11] are compared with results obtained with imaginary chemical potential [12],
reweighting technique [13] and Taylor expansions [14] using standard staggered fermions, all rescaled using Tc = 154 MeV . All
figures are taken from [11].
proton-number fluctuations by the ALICE Collaboration [15]. Therefore in the regime close to the freeze-
out, where conserved charge fluctuations may provide insight into the existence and location of a possible
critical point in the QCD phase diagram, it is important to use QCD rather than HRG model calculations.
Lattice QCD results on higher order cumulants of conserved charges provide important insights into the
physics at freeze-out, e.g. cumulants of net baryon-number fluctuations can qualitatively describe the fea-
tures observed from net proton-number fluctuations measured by the STAR Collaboration in the beam en-
ergy scan [16] (see section 4).
Recent progress in the determination of spectral and transport properties of the QGP from continuum ex-
trapolated lattice correlation functions in combination with recent progress in perturbative calculations that
allow to provide constraints on the spectral function at perturbatively high frequencies, allowed to calculate
continuum estimates for the thermal dilepton [17] and photon [18] rates (see section 5) as well as trans-
port coefficients like the electrical conductivity [17] and heavy quark momentum diffusion coefficient [19].
Although still limited to the quenched approximation, these studies, using continuum correlation functions
in combination with phenomenological and perturbatively inspired Ansa¨tze, demonstrate the potential for
a more controlled way to determine spectral and transport properties. Although not yet in the continuum
and with still unphysical quark masses, the effect of dynamical quarks on the electrical conductivity were
studied in [20, 21, 22]. For a comparison to other calculations see [23].
2. Equation of state and limits on the critical point
The equation of state (EoS) of strong-interaction matter, i.e. the temperature and density dependence of
bulk thermodynamic quantities, provides the characterization of equilibrium properties and is an important
input for hydrodynamic modeling of the evolution of the matter produced in heavy ion collisions. Using con-
tinuum extrapolated lattice QCD results with physical light and strange quark masses consistent results on
the EoS of QCD have recently been obtained by two groups for vanishing chemical potentials [5, 6]. While
appropriate for LHC energies, the conditions at the RHIC beam energy scan (BES) require the knowledge
of the EoS at non-vanishing baryon (µB), strangeness (µS ) and electric charge (µQ) chemical potentials. The
strangeness neutrality (nS = 0) and fixed net electric-charge to net baryon-number ratio (nQ/nB ' 0.4) in
heavy ion collisions relate the different chemical potentials. For small values of the chemical potentials a
Taylor expansion allows to extend calculations of thermodynamic quantities for this constraint condition
[11]. In Fig. 1 the µB dependent contribution to the pressure (left) and baryon-number density (middle)
for the strangeness neutral system are shown up to O(µ6B) and three values of µB. Comparable results are
reported in [32, 33]. For both quantities a good convergence of the Taylor series for µB ≤ 2T even for small
temperatures can be observed. A parametrizations of basic thermodynamic quantities that can readily be
incorporated in hydrodynamic simulation codes can be found in [11].
Ratios of subsequent expansion coefficients of the Taylor series can be used to estimate the radius of con-
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Fig. 2. Comparison of freeze-out temperatures determined by the STAR Collaboration in the BES at RHIC [24] and the ALICE
Collaboration at LHC [25] to lines of constant pressure, energy density and entropy density in (2+1)-flavor QCD [11] and hadronization
temperatures from a hadronization model calculation [26]. The crossover lines represent the current estimates of the µB-dependence of
the QCD crossover transition from [27, 28, 29, 30, 31]. Figure taken from [11].
vergence and therefore constraints on the location of a possible critical point in the QCD phase diagram.
Recent results on such estimators for the Taylor series up to 6th-order of net baryon-number fluctuations
[11, 12, 13, 14] are shown in Fig. 1 (right). Although a determination of the critical point with these low-
order coefficients is not possible, and even an infinite radius of convergence can not be ruled out, they can
provide lower limits and together with the good convergence behavior observed in the pressure and baryon-
number density, this indicates that a critical point is unlikely at temperatures T > 135 MeV for µB ≤ 2T .
In the future it will be important to reduce the errors on the 6th-order coefficients and to determine higher
order coefficients for a reliable extension of these studies to larger chemical potentials and to improve on
the estimates of the radius of convergence.
3. Lines of constant physics and freeze-out
Thermal conditions at the time of chemical freeze-out may be characterized by lines in the T − µB
plane on which certain thermodynamic observables stay constant [34, 35]. Using the Taylor series for bulk
thermodynamic observables from lattice QCD such lines of constant physics can be determined, e.g. as a
parameterization of a ”line of constant f ” [11],
T f (µB) = T0
1 − κ f2 (µBT0
)2
− κ f4
(
µB
T0
)4 . (1)
Results for lines of constant pressure, energy density and entropy density are shown in Fig. 2 for three
initial sets of values fixed at µB = 0. The initial temperatures, T = 145, 155 and 165 MeV, correspond to
constant energy densities of  = 0.203(27), 0.346(41) and 0.556(57) GeV/fm3, indicating that the physics is
substantially different on these three lines. The lines for the three observables agree quite well and they also
agree with current estimates on the curvature of the crossover line (black lines) [27, 28, 29, 30, 31]. Also
shown are results of freeze-out [24, 25] parameters and hadronization [26] temperatures extracted from
particle yields measured in heavy ion experiments. These were obtained by comparing data with model
calculations based on the hadron resonance gas model.
4. Cumulant ratios of net baryon-number
The search for a possible critical point in the QCD phase diagram is one of the central goals of the
beam energy scan at RHIC. Fluctuations and correlations among conserved charges play an important role
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Fig. 3. Leading order expansion coefficients of the cumulant ratios RB12 (left) and R
B
42 (right) calculated for strangeness neutral systems
with an electric charge to baryon-number ratio r = 0.4 [16]. All figures taken from [16].
in these studies [36, 37, 38, 39]. Net proton-number [40, 41, 42] do not yet provide a clear evidence for the
existence of a critical point, but the net proton-number fluctuations show a beam energy dependence which
is so far not well understood. Using lattice QCD results on the temperature and baryon chemical potential
dependence of net baryon-number fluctuations in equilibrium QCD thermodynamics may provide at least a
qualitative understanding of these results.
Using nth order cumulants, χBn (T, µB), defined as partial derivatives of the QCD pressure with respect to the
baryon chemical potential,
χBn (T, uB) =
∂nP/T 4
∂(µB/T )n
, (2)
ratios of cumulants of net baryon-number fluctuations, i.e. mean (MB), variance (σ2B), skewness (S B) and
kurtosis (κB) can be determined,
RB12(T, µB) =
χB1 (T, µB)
χB2 (T, µB)
=
MB
σ2B
(3)
RB31(T, µB) =
χB3 (T, µB)
χB1 (T, µB)
=
S Bσ3B
MB
(4)
RB42(T, µB) =
χB4 (T, µB)
χB2 (T, µB)
= κBσ
2
B . (5)
For small values of µB these ratios can be expanded in terms of µB, e.g. up to NLO,
RB12(T, µB) = r
B,1
12 (µB/T ) + r
B,3
12 (µB/T )
3 (6)
RB21(T, µB) = r
B,0
31 + r
B,2
31 (µB/T )
2 (7)
RB42(T, µB) = r
B,0
42 + r
B,2
42 (µB/T )
2 . (8)
In Fig. 3 we show the leading order expansion coefficients for the ratio of mean value and variance (MB/σB)
(left) and kurtosis times variance (κBσ2B) (right) for a strangeness neutral system, nS = 0, with electric charge
to baryon-number ratio nQ/nB = 0.4 obtained from (2+1)-flavor lattice QCD using the HISQ action [16].
These results can be confronted with the preliminary data of the STAR Collaboration [41] for the skewness
and kurtosis ratios for net proton-number distributions shown in Fig. 4 (left). Some qualitative features are
apparent from this figure, which can not be described by a hadron resonance gas (HRG). S Pσ3P/MP is smaller
than unity and shows a dependence on
√
sNN . For small MP/σ2P, i.e. large
√
sNN the relation S Pσ3P/MP '
κPσ
2
P seems to hold quite well, while with decreasing
√
sNN , i.e. increasing MP/σ2P, the kurtosis times
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Fig. 4. Left: Skewness and kurtosis ratios for net proton-number distributions versus mean net proton-number normalized by variance
obtained by the STAR Collaboration at the BES [41]. Right: Ratio of NLO coefficients of the skewness and kurtosis ratios on lines of
constant pressure, energy density and entropy density. All figures taken from [16].
variance κBσ2B shows a stronger deviation from unity compared to the skewness ratio S Pσ
3
P/MP. This
behavior is clearly different from HRG model calculations, where both these ratios equal unity, while the
leading order QCD results provide a natural explanation for these qualitative features. The ratio of mean and
variance, MB/σ2B, in leading order is given by r
B,1
12 µB/T . Due to the positivity of the coefficient observed in
Fig. 3 (left) it is a monotonically rising function of µB, at least to leading order.
Already from the leading order coefficients the deviations of the skewness ratio S Bσ3B/MB from unity as
well as the stronger decrease of the kurtosis κBσB can be deduced. From the inset of Fig .3 we see that the
difference of the leading order expansion coefficients for skewness and kurtosis stays small, which in the
relevant temperature range for a comparison with experimental data, 145 MeV < T < 165 MeV, leads to
S Bσ3B/MB ' κσ2B (9)
for small µB, corresponding to large RHIC beam energies.
Assuming that the cumulant ratios for net proton-number distributions can qualitatively be compared to the
QCD calculations of baryon-number cumulants, the intercept at RP12 = 0 in Fig. 4 (left) can be related to the
QCD values in Fig. 3 (right, gray band). This comparison leads to a freeze-out temperature of 153(3) MeV
which is in excellent agreement with the freeze-out temperature determined by the ALICE Collaboration
from particle yields at the LHC [25] but differs significantly from the freeze-out parameters presented by
STAR [24].
In Fig. 4 (right) we show estimates for the ratios of slopes of the kurtosis to skewness calculated on lines
of constant pressure, energy density and entropy density. These QCD predictions of a ratio of 3 - 4.5 in the
relevant temperature regime compare well with an estimate of the ratio of slopes of 3.9(2.1) for the STAR
data shown in Fig. 4 (left).
From this qualitative comparison of experimental data to QCD thermodynamics results, it is apparent that
in the relevant parameter region for the freeze-out one should confront experimental data with QCD rather
than with hadron resonance gas model calculations.
5. Lattice constraints on the thermal photon rate
Photons are excellent probes to study the properties of the strongly interaction matter at high temperature
and density. Although the contribution of non-thermal photons are dominant for most invariant mass regions
and one needs to integrate over all photon sources and the entire evolution of the medium, at intermediate
invariant masses, M, thermal photons that are emitted from the QGP may provide important information on
the interactions that the plasma particles experience.
Although a lot of progress has been made in weak-coupling perturbative calculations, in the interesting
temperature regime probed in current heavy-ion collision experiments, QCD is still strongly coupled and
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non-perturbative methods required to obtain quantitative predictions. Nevertheless perturbative predictions
play an important role to constrain the required spectral reconstruction of lattice QCD correlation functions.
Using large and fine lattices, currently only accessible in the quenched approximation, we have determined
continuum extrapolated imaginary-time vector meson correlation functions at non-vanishing momenta [18].
Some examples are shown in Fig. 5 (left) together with the currently best knowledge from perturbation
theory. For short temporal distances, which are dominated by high frequencies in the spectral function, the
lattice correlation functions approach these perturbative estimates and become even more perturbative at
larger momenta. Nevertheless non-perturbative effects become dominant at larger distances corresponding
to small frequencies in the spectral function. We have used a polynomial interpolation for the spectral
function that incorporates the expected linear behavior at frequencies much smaller than T and the best
available perturbative predictions [43, 44, 45], up to O(g2) for M >∼ piT and up to O(g8) for M  piT , and
fitted the non-perturbative contribution to the lattice data. The results give a good representation of the data
as seen in Fig. 5 (left). The obtained spectral functions are shown in Fig. 5 (right). The values at the photon
point are shown in Fig. 6 in terms of Deff defined as
Deff(k) ≡

ρV(k,~k)
2χqk
, k > 0
lim
ω→0+
ρii(ω,~0)
3χqω
, k = 0
, (10)
which directly relates to the thermal photon rate,
dΓγ(~k)
d3~k
=
2αemχq
3pi2
nB(k)Deff(k) . (11)
For momenta k>∼ 3T the results become comparable to the NLO perturbative prediction [43], supporting the
program to implement pQCD results into hydrodydamic codes [47, 48, 49], though the results indicate the
importance of non-perturbative effects at smaller k. These results show the importance of combining per-
turbative results with continuum extrapolated correlation functions to obtain reliable estimates for spectral
as well as transport properties. Although smaller momenta would be needed, the use of non-zero momenta
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may offer an alternative way to determine the diffusion coefficient as well as other transport coefficients. It
will be important for future studies to fill the gap at small momenta and to study the effects of dynamical
quarks especially for temperatures closer to Tc where these will become important.
6. Conclusions
We have presented recent studies that extend the knowledge on the equation of state to non-zero baryon-
number density, providing insights into the physics around freeze-out and as well as important input for
hydrodynamic modeling of the evolution of the matter produced in heavy ion collisions. A good convergence
behavior is observed for the Taylor expansion of the pressure and baryon-number density for µB ≤ 2T .
Together with estimates on the radius of convergence of the Taylor series for net baryon-number fluctuations,
this indicates that a critical point is unlikely at temperatures T > 135 MeV for µB ≤ 2T . Qualitative features
of the skewness and kurtosis ratios of net proton-number fluctuations measured by the STAR Collaboration
can be understood from QCD results for cumulants of conserved baryon-number fluctuations. In the future
it will be important to improve on the calculation of higher order coefficients of the Taylor series to extend
these studies to larger chemical potentials and to improve the limits on a possible critical point in the QCD
phase diagram.
As one example where progress has recently been made in the extraction of spectral and transport properties
of the QGP, constraints on the thermal photon rates from the QGP were discussed, based on a spectral
reconstruction of continuum extrapolated lattice correlation functions constrained by recent perturbative
results in the UV. These results become comparable to NLO perturbative predictions at k>∼ 3T , but indicate
non-perturbative contributions at small invariant masses. It will be important to extend these studies to
lower temperatures, even though the inclusion of dynamical quarks will become important and at some
point possible vector meson resonances need to be included in the analyis. Using continuum extrapolated
lattice QCD correlation functions at non-zero momenta and incorporating perturbative information in the
spectral reconstruction may provide an alternative way to extract transport coefficients in the future.
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